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In this article we derive the post-Newtonian limit of a class of teleparallel theories of gravity,
where the action is a free function L(T,X, Y, φ) of the Torsion scalar T and scalar quantities X and
Y built from the dynamical scalar field φ. We restrict the analysis to a massless scalar field in order
to use the parameterized post-Newtonian formalism without modifications, such as introducing an
effective gravitational constant which depends on the distance between the interacting masses. In
particular the results show a class of fully-conservative theories of gravity, where the only non-
vanishing parameters are γ and β. For a particular choice of the function L(T,X, Y, φ) the theory
cannot be distinguished from General Relativity in its post-Newtonian approximation.
I. INTRODUCTION
General relativity, being the most well-established and successful theory of gravity, is challenged by a number
of open questions in modern physics. One of these challenges is given by cosmological observations, such as the
accelerating expansion of the Universe at present and early times in its history, known as dark energy and inflation,
as well as the presence of an unknown, dark matter component, which is apparent only by its gravitational effects.
A potential explanation of these observations is given by modified gravity theories, of which a large and well-studied
class is constituted by scalar-tensor gravity theories [1, 2]. These theories have in common that they contain one or
more scalar fields, which in general is non-minimally coupled to the metric of spacetime. The gravitational dynamics
of the theory is then determined through the curvature of the Levi-Civita connection of the metric, as well as the
dynamics of the scalar fields.
Another issue of rather theoretical nature is our lack of understanding of the quantum behavior of gravity and
its relation to the other fundamental forces present in the standard model of particle physics. While the latter are
described by gauge theories, the gauge aspect is less obvious in the standard formulation of general relativity through
the curvature of spacetime. However, equivalent formulations exist in which the action becomes more similar to a
Yang-Mills type action, and in which curvature is replaced by either torsion or nonmetricity, or even both at the
same time [3, 4]. Here we will focus on so-called teleparallel models of gravity, where the gravitational interaction is
attributed not to the curvature of the Levi-Civita connection, but to the torsion of a flat connection [5–9]. For the
teleparallel equivalent of general relativity (TEGR) one conventionally assumes a fixed, vanishing spin connection, as
it does not contribute to the field equations. However, for modified theories this approach potentially leads to the issue
of local Lorentz symmetry breaking [10, 11], as spurious degrees of freedom may appear [12–15]. This can be overcome
by making use of a covariant approach including an arbitrary, flat, metric-compatible spin connection [16–18]. An
alternative ansatz is the Palatini formulation [19].
Combining the two aforementioned approaches of scalar field extensions and teleparallel gravity, one arrives at
the notion of scalar-torsion gravity theories [20–22]. Various models within this class have been studied in order to
address the challenges faced by general relativity [14, 23–30], and a Lorentz covariant formulation has recently been
put forward [31]. A large class of such scalar-torsion theories, for which the name L(T,X, Y, φ) theories has been
introduced, is defined by a Lagrangian which is a free function of four scalar quantities derived from the torsion of
the teleparallel geometry and the scalar field [21]. This is the class of theories we will focus on in this article.
Besides addressing the challenging issues mentioned above, a viable gravitational theory must also pass any tests
on local scales, and thus in particular correctly describe the motions in our solar system. A widely used framework for
such a check is the parameterized post-Newtonian (PPN) formalism [32–34]. It characterizes gravity theories by a set
of ten parameters, which have been measured with high precision in various solar system experiments. Through the
availability of this high precision data, the PPN formalism has become an important tool for assessing the viability
of gravity theories.
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2In order to calculate the post-Newtonian limit of scalar-torsion gravity, an adaptation to theories based on a
scalar field and a tetrad is required [35]. In the context of extended teleparallel gravity, such an analysis has first
been performed for the original teleparallel dark energy model [36] and later extended to general coupling functions
and potentials [27]. It turned out that the post-Newtonian limit of these theories is identical to that of general
relativity. Further including a non-minimal coupling to the teleparallel boundary term, however, leads to a different
post-Newtonian limit [37, 38]. In this article we make use of a recently developed extension of the PPN formalism to
covariant teleparallel gravity theories [39], and use it in order to generalize the analysis present in the aforementioned
works. This allows us to derive the post-Newtonian limit of the general L(T,X, Y, φ) class of scalar-torsion theories
of gravity mentioned earlier [21].
The outline of this article is as follows. We start with a brief review of the dynamical variables and field equations
of the class of scalar-torsion theories we consider in section II. Another brief review of the PPN formalism is presented
in section III, together with its adaptation to scalar-torsion gravity. We then come to the main part of the paper,
which is the calculation of the post-Newtonian tetrad components leading to the derivation of the PPN parameters
shown in section IV. The resulting post-Newtonian metric and PPN parameters, which can be used for a comparison
with observations and a possible restriction of the free function of the theory, are displayed in section V. We apply
our results to a few example theories in section VI, before we conclude with a discussion and outlook in section VII.
In this article we use uppercase Latin letters A,B, . . . = 0, . . . , 3 for Lorentz indices, lowercase Greek letters
µ, ν, . . . = 0, . . . , 3 for spacetime indices and lowercase Latin letters i, j, . . . = 1, . . . , 3 for spatial indices. In our
convention the Minkowski metric ηAB and ηµν has signature (−,+,+,+).
II. FIELD VARIABLES AND THEIR DYNAMICS
Before we analyze the post-Newtonian limit of the recently proposed class of scalar-torsion theories of gravity [21],
we review the action of the theory, the dynamical field content and the field equations. The theory is formulated in
a covariant way [31], where the dynamical fields are the tetrad θAµ, the flat Lorentz spin connection ω
A
Bµ and the
additional scalar field φ. With the help of the tetrad we can define the metric as
gµν = ηABθ
A
µθ
B
ν (1)
and the torsion tensor as
T ρµν = eA
ρ
(
∂µθ
A
ν − ∂νθ
A
µ + ω
A
Bµθ
B
ν − ω
A
Bνθ
B
µ
)
. (2)
Here eA
µ is the inverse tetrad, which is defined in a way that θAµeA
ν = δνµ and θ
A
µeB
µ = δAB. We can define the
Levi-Civita connection
◦
∇ and the curvature tensors via the metric tensor defined above. Note that quantities with
an empty circle are derived from the Levi-Civita connection. We consider the following action
S[θAµ, ω
A
Bµ, φ, χ
I ] = Sg[θ
A
µ, ω
A
Bµ, φ] + Sm[θ
A
µ, χ
I ] , (3)
which splits into a matter part Sm and a gravitational action Sg. The matter action depends on the tetrad and an
arbitrary set χI of matter fields. We furthermore assume, that the matter source is given by a perfect fluid. See a
further discussion in section III. Another assumption we make, is, that the matter fields χI do not couple directly to
the teleparallel spin connection ωABµ or the scalar field, and that the matter action is invariant under local Lorentz
transformations. By taking into account all assumptions and performing integration by parts, we can write the
variation of the matter action with respect to the dynamical fields as
δSm[θ
A
µ, χ
I ] =
∫
M
[
ΘA
µδθAµ +̟Iδχ
I
]
θ d4x . (4)
The energy-momentum tensor Θµν = θ
A
µgνρΘA
ρ is symmetric, as a consequence of the assumed Lorentz invariance,
and the matter field equations are given by ̟I = 0. Furthermore the determinant of the tetrad is θ
A
µ is denoted by
θ. We assume a gravitational action of the form
Sg[θ
A
µ, ω
A
Bµ, φ] =
1
2κ2
∫
M
L(T,X, Y, φ) θ d4x (5)
where
T =
1
2
T ρµνSρ
µν (6)
3is the Torsion scalar defined in terms of the superpotential
Sρµν =
1
2
(Tνµρ + Tρµν − Tµνρ)− gρµT
σ
σν + gρνT
σ
σµ . (7)
X = −
1
2
gµνφ,µφ,ν , (8)
denotes the kinetic term of the scalar field and
Y = gµνT ρρµφ,ν . (9)
is a derivative coupling term. By varying the total action (3) with respect to the tetrad we derive the tetrad field
equation [31]
Eµν =− Lgµν − 2
◦
∇ρ (LTSνµ
ρ)− LT
(
T ρρσT
σ
µν + 2T
ρ
ρσT(µν)
σ −
1
2
TµρσTν
ρσ + TµρσT
ρσ
ν
)
− LXφ,µφ,ν
+
◦
∇ν (LY φ,µ)−
◦
∇σ (LY φ,ρ) g
ρσgµν + LY
(
T(µν)ρφ,ρ +
1
2
T ρµνφ,ρ + T
ρ
ρµφ,ν
)
− 2κ2Θµν = 0 , (10)
and similarly with respect to the scalar field we derive the scalar field equation
Eφ = g
µν
◦
∇µ (LY T
ρ
ρν − LXφ,ν)− Lφ = 0 , (11)
where LX,Y,T,φ is the partial derivative of the free function L with respect to X,Y, T and φ, respectively. Note that
we have set α ≡ 0, in other words, there is no coupling between the scalar field and the matter field. These are
the equations we will use in the remainder of this article. In order to solve them, we will perform a perturbative
expansion of the dynamical fields. This will be discussed in the following section. In the following sections we will
use the definitions and notations of [32]; whereas [34] is using a slightly different treatment.
III. POST-NEWTONIAN APPROXIMATION
In this section we review the parameterized post-Newtonian (PPN) formalism [32–34], which is the main tool
we are using in this article. The formalism we are using here, was used to analyze various scalar-torsion theories
before [35, 38, 39]. As already mentioned in the previous section, the matter field is given by a perfect fluid
Θµν = (ρ+ ρΠ+ p)uµuν + pgµν , (12)
with rest energy density ρ, specific internal energy Π, pressure p and four-velocity uµ. The normalization of the four
velocity uµ is given by uµuνgµν = −1. In order to use the PPN formalism, we have to assume that the velocity
vi = ui/u0 of the source matter in a given reference frame is small in comparison to the speed of light. Then we can
use a perturbative expansion of the dynamical fields in orders of the velocity O(n) ∝ |~v|n. Furthermore we use the
Weitzenböck gauge ωABµ ≡ 0, which has been proposed in [39]. We expand the tetrad θ
A
µ around a flat diagonal
background tetrad ∆Aµ = diag(1, 1, 1, 1)
θAµ = ∆
A
µ + τ
A
µ = ∆
A
µ +
1
τAµ +
2
τAµ +
3
τAµ +
4
τAµ +O(5) . (13)
Furthermore we expand the scalar field φ
φ = Φ+ ψ = Φ +
1
ψ +
2
ψ +
3
ψ +
4
ψ +O(5) . (14)
around its cosmological background value Φ, which will be assumed to be constant. We use overscript number to
assign velocity orders to each term. For example
n
ψ is of order O(n). If we assume a quasi-static gravitational field,
then the changes over time are only induced by the dynamics of the source matter. Therefore time derivatives ∂0
have an additional velocity order O(1). For the calculation of the first post-Newtonian approximation of the metric,
we can neglect all velocity orders beyond the fourth order. A more convenient way to write the tetrad perturbation
4τAµ is to first lower the Lorentz index into a spacetime index with the help of the Minkowski metric ηAB and the
background tetrad ∆Aµ. Then we introduce the tetrad perturbations as
τµν = ∆
A
µηABτ
B
ν ,
n
τµν = ∆
A
µηAB
n
τBν . (15)
It is not necessary to calculate all components of the tetrad and the scalar field up to fourth velocity order. In addition
some of them simply vanish because of the Newtonian energy conservations or symmetry with respect to time reversal.
The non-vanishing components of the field variables we have to calculate are [38]
2
τ00 ,
2
τ ij ,
3
τ0i ,
3
τ i0 ,
4
τ00 ,
2
ψ ,
4
ψ . (16)
We expand all geometric quantities appearing in the field equations using the components listed above and the
expansion (13) up to the relevant velocity order. The perturbation of the metric around a flat Minkowski background
is given by
2
g00 = 2
2
τ00 ,
2
gij = 2
2
τ (ij) ,
3
g0i = 2
3
τ (i0) ,
4
g00 = −(
2
τ00)
2 + 2
4
τ00 . (17)
The remaining terms calculated by using the perturbed tetrad can be found in [39]. Next we can apply the post-
Newtonian expansion to the gravitational field equations (10) and (11). In order to apply it to the geometry side of
the equations, we have to expand the free function L (T,X, Y, φ) and its derivatives as a Taylor series
L = l0 + lφψ +
1
2
lφφψ
2 + lTT + lXX + lY Y ,
LT = lT + lTφψ +
1
2
lTφφψ
2 + lTXX + lTY Y + lTTT ,
LX = lX + lXφψ +
1
2
lXφφψ
2 + lTXT + lXY Y + lXXX ,
LY = lY + lY φψ +
1
2
lY φφψ
2 + lTY T + lXYX + lY Y Y ,
Lφ = lφ + lφφψ + lTφT + lY φY + lXφX +
1
2
lφφφψ
2 , (18)
where the Taylor coefficients l0, lφ, . . . are calculated at the cosmological background which implies T = X = Y = 0
and φ = Φ and are assumed to be of velocity order O(0).
Finally, for the matter side of the field equations, we must also expand the energy-momentum tensor (12) into
velocity orders. For this purpose, we use the standard assignment of velocity orders also to the rest mass density,
specific internal energy and pressure of the perfect fluid; based on their orders of magnitude in the solar system one
assigns velocity orders O(2) to ρ and Π and O(4) to p [32]. The energy-momentum tensor (12) can then be expanded
in the form
Θ00 = ρ
(
1 + Π+ v2 − 2
2
τ00
)
+O(6) , (19a)
Θ0j = −ρvj +O(5) , (19b)
Θij = ρvivj + pδij +O(6) . (19c)
These are all formulas which will be necessary for the post-Newtonian expansion of the field equations. We will
proceed with this expansion and their solution in the following section.
IV. SOLVING THE FIELD EQUATIONS
This section is devoted to finding the perturbative solution of the field equations (10) and (11) in the standard post-
Newtonian gauge, by making use of the general formalism discussed in the preceding section. Our derivation proceeds
order by order in the post-Newtonian expansion. The zeroth velocity order, which corresponds to the background
solution of the vacuum field equations, is discussed in section IVA. We then solve the field equations at the second
order in section IVB, at the third order in section IVC and at the fourth order in section IVD.
5A. Zeroth velocity order
We start our derivation with the observation that at the zeroth velocity order the energy-momentum tensor vanishes,
0
Θµν = 0, so that we are left with solving the vacuum field equations. Inserting our assumed background values
0
θAµ = ∆
A
µ for the tetrad and
0
φ = Φ into the respective field equations (10) and (11), we find that their zeroth order
is given by
0
E00 = −l0 ,
0
Eij = l0δij ,
0
E = 4l0lY − 4lT lφ . (20)
It thus follows that the perturbation ansatz is consistent with the vacuum field equations only if the parameter
functions satisfy l0 = 0. Furthermore we choose lφ = 0 to satisfy the zeroth order scalar field equation. In the
following we will restrict ourselves to theories satisfying these conditions. These conditions are, in fact, less restrictive
than they might seem at first sight. The condition l = 0 can be interpreted as the vanishing of the cosmological
constant, or at least that its effect is negligible in the solar system. Further, lφ = 0 means that the background
value of the scalar field should mark an extremal value of its potential; this case can be found as an attractor in
scalar-torsion cosmology, and should therefore be a valid assumption in the late universe [40].
B. Second velocity order
By summing up the field equations in the following way
4lTEφ − lY g
µνEµν = 0 , (21)
we can decouple the second velocity order of the scalar field from the tetrad
(
3l2Y − 4lT lX
)
△
2
ψ = 2κ2lY ρ . (22)
Note that we restrict ourselves to lφφ = 0 in order to have a massless scalar field. Equation (22) can be solved in
terms of the Newtonian potential U defined by
△U = −4πρ , (23)
where △ = ηab∂a∂b is the flat space Laplace operator. The solution is then given by
2
ψ =
4lY
4lT lX − 3l2Y
κ2
8π
U . (24)
For convenience we will now use the trace reversed version of the field equations (10)
E¯µν = Eµν −
1
2
gµνg
αβEαβ . (25)
This will be beneficial in particular for solving the fourth order tetrad field equations. The relevant components are
E¯00 = 2lT△
2
τ00 − κ
2ρ−
1
2
lY△
2
ψ
E¯ij = 2lT△
2
τ (ij) − κ
2ρδij +
1
2
lY δij△
2
ψ + lY
2
ψ,ij − 2lT
2
τ00,ij + 2lT
2
τkk,ij − 2lT
2
τk(i,kj) − 2lT
2
τ (ik,kj) . (26)
By substituting the solution for the second order scalar field
2
ψ (Eq. (24)) in equation (26) we can solve for the tetrad
components in terms of the Newtonian potential defined in equation (23)
2
τ00 =
4
(
l2Y − lT lX
)
lT (4lT lX − 3l2Y )
κ2
8π
U
2
τ ij =
2
(
l2Y − 2lT lX
)
lT (4lT lX − 3l2Y )
κ2
8π
Uδij . (27)
6C. Third velocity order
In the third velocity order the only non-vanishing components of the field equations are E¯i0 and E¯0i. To solve these
equations we introduce the vector potentials Vi and Wi defined by
△Vi = −4πρvi , △Wi = −4πρvi + 2U,0i . (28)
It is also convenient to use the combination
E¯i0 + E¯0i = △
3
τ (i0) + 4κ
2ρvi + 2lY
2
ψ,0i − lT
2
τ (ki),0k + 4lT
2
τkk,0i − lT
3
τ (0k),ki , (29)
which can be solved by introducing a free parameter a0
3
τ i0 =
3
τ0i =
κ2
8π
(
a0Vi +
(
2
lT
− a0
)
Wi
)
. (30)
The constant parameter a0 will be determined by demanding the standard PPN gauge for the solution of the fourth
order tetrad
4
τ00.
D. Fourth velocity order
The remaining fourth order of the (00)-component of the tetrad can be found by summing up the field equations
in the following way
(
3l2Y − 4lT lX
)
E¯00 +
1
2
lY (4lTEφ − lY g
µνEµν) = 0 . (31)
To solve this equation we make an ansatz for the tetrad
4
τ00 =
κ2
8π
(
a1Φ1 +
κ2
8π
a2Φ2 + a3Φ3 + a4Φ4 +
κ2
8π
a4U
2
)
, (32)
where the Φi are the typical PPN potentials defined by
△Φ1 = −4πρv
2 , △Φ2 = −4πρU , △Φ3 = −4πρΠ , △Φ4 = −4πp . (33)
Inserting
4
τ00 and all lower order tetrad components into Eq. (31) leads to a system of algebraic equations for a0 to
a5 with the solution
a0 =
7lT lX − 5l
2
Y
lT (4lT lX − 3l2Y )
, (34a)
a1 = −
2
lT
, (34b)
a2 =
4
(
32l3T l
3
X + 8l
2
T lTφl
2
X l
2
Y − 68l
2
T lTφl
2
Y − 16lT lTφlX l
2
Y − 2l
2
T lXφl
3
Y + 45lT lX l
4
Y + 6lTφl
5
Y − 9l
6
Y + 4l
2
T lX l
2
Y lY φ
)
l2T (4lT lX − 3l
2
Y )
,
(34c)
a3 =
4
(
l2Y − lT lX
)
lT (4lT lX − 3l2Y )
, (34d)
a4 =
6
(
l2Y − 2lT lX
)
lT (4lT lX − 3l2Y )
, (34e)
a5 = −
2
(
16l3T l
3
X − 8l
2
T lTφl
2
X l
2
Y − 40l
2
T lTφl
2
Y + 16lT lTφlX l
2
Y + 2l
2
T lXφl
3
Y + 33lT lX l
4
Y − 6lTφl
5
Y − 9l
6
Y − 4l
2
T lX l
2
Y lY φ
)
l2T (4lT lX − 3l
2
Y )
.
(34f)
V. PPN METRIC AND PARAMETERS
With the tetrad components calculated in the previous section, we have now solved the field equations to the
necessary order so that we can construct the post-Newtonian metric, which we show in section VA. From this we
read off the PPN parameters in section VB.
7A. PPN metric
We can now substitute the determined tetrad components (Equations (27), (30) and (32) with (34a)). By defining
the gravitational constant as G = κ
2
2pi
l2Y −lT lX
lT (4lT lX−3l2Y )
and then setting G = 1, we derive the metric components in the
standard PPN form
2
g00 = 2U , (35a)
2
gij =
2lT lX − l
2
Y
lT lX − l2Y
Uδij , (35b)
3
gi0 =
5l2Y − 7lT lX
2 (lT lX − l2Y )
Vi −
1
2
Wi , (35c)
4
g00 =
{[
32l3T l
3
X − 3l
5
Y (2lTφ + 7lY ) + lT lX l
3
Y (16lTφ + 73lY )− 8l
2
T lY lTφl
2
X − 2l
2
T l
3
Y
(
42l2X − lXφlY + 2lX lY φ
)]
U2
+
[
−16l3T l
3
X lT lX l
3
Y
(
8lTφ −
45
2
lY
)
− 3lTφl
5
Y +
9
2
l6Y + l
2
T lY
(
−4lTφl
2
X + 34lY l
2
X + l
2
Y lXφ − 2lX lY lY φ
)]
Φ2
+
(
3l2Y − 4lT lX
)
Φ1 + 2Φ3 + 3
(
l2Y − 2lT lX
)
Φ4
} 1
(4lT lX − 3l2Y ) (l
2
Y − lT lX)
2 . (35d)
Our definition of the gravitational constant G can be compared with the effective gravitational constant Geff in
Equation (31) in reference [41] for a massless scalar field (mΨ = 0), if we choose lY = 1, lX = ω/2Ψ0 and lT = −Ψ0,
which are the values one would obtain by rewriting the action given in Equation (2) in the same reference [41] in the
teleparallel language.
B. PPN parameters
The PPN parameters can now be read off by comparing the metric components with the standard PPN metric [32–
34], thus ξ = α1 = α2 = α3 = ζ1 = ζ2 = ζ3 = ζ4 = 0 and
γ − 1 =
l2Y
2lT lX − 2l2Y
, (36)
β − 1 =
lY
[
lT lX l
2
Y (16lTφ − 7lY ) + 3l
4
Y (lY − 2lTφ)− 8l
2
T l
2
X lTφ + 2l
2
T lY
(
2l2X + lY lXφ − 2lX lY φ
)]
8 (4lT lX − 3l2Y ) (l
2
Y − lT lX)
2 . (37)
Since all of the parameters except β and γ vanish the theory is fully conservative. This means that the total energy-
momentum is conserved and preferred frame or preferred location effects can not appear in this theory. Theories
indistinguishable from general relativity have values γ = β = 1, which is satisfied for all theories with lY = 0.
VI. EXAMPLE THEORIES
With the general result (36) at hand, we may now apply our findings to more specific theories within the general
class we discussed in this article. In this section we discuss two such examples. A class of theories which is constructed
similarly to scalar-curvature theories [22] is discussed in section VIA. Another class of theories without derivative
couplings [31] is discussed in section VIB.
A. Scalar-torsion analogue of scalar-curvature gravity
As the first example class of theories we consider an analogue of scalar-curvature gravity theories [22]. The La-
grangian takes the form
L(T,X, Y, φ) = −A(φ)T + 2B(φ)X + 2C(φ)Y − 2κ2V(φ) , (38)
and depends on four free functions A,B, C,V of the scalar field. In order to satisfy the background conditions
l0 = lφ = 0 we restrict ourselves to theories satisfying V = V
′ = 0, where we used the abbreviations V = V(Φ),
8V ′ = V ′(Φ) for the Taylor coefficients. Further, to avoid any mass terms and satisfy the conditions lφφ = lφφφ = 0,
we choose V ′′ = V ′′′ = 0. The remaining relevant Taylor coefficients of the Lagrangian are given by
lT = −A , lX = 2B , lY = 2C , lTφ = −A
′ , lXφ = 2B
′ , lY φ = 2C
′ . (39)
Inserting these values into the expression (36) for the PPN parameters then yields their values
γ = 1−
C2
AB + 2C2
, β = 1−
C{6C4(C +A′) +ABC2(7C + 8A′) +A2[2B2(C +A′) +B′C2 − 2BCC′]}
4(AB + 2C2)2(2AB + 3C2)
. (40)
It follows that in the case C = 0 they reduce to the general relativity values β = γ = 1. We also find that the result
agrees with the massless case of a previous calculation of the PPN parameters for this particular class of theories [38].
B. Scalar-torsion theory without derivative couplings
The second class of example theories we consider is based on an action which does not contain the derivative
coupling term Y [31]. In this case the Lagrangian is given by
L(T,X, Y, φ) = F (T, φ)− 2Z(φ)X , (41)
with free functions F and Z. Due to the absence of the derivative coupling, one immediately finds the Taylor coefficient
lY = 0. A comparison with the result (36) for the PPN parameters therefore suggests that β = γ = 1, so that these
theories have PPN parameters identical to that of general relativity, provided that the denominators in (36) are
non-vanishing. However, it is natural to consider theories with lT = FT (0,Φ) 6= 0 and lX = −2Z(Φ) 6= 0, so that in
the weak field limit both the tetrad and the scalar field have non-degenerate kinetic terms and strong coupling issues
are avoided. Theories satisfying these conditions indeed have PPN parameters β = γ = 1.
VII. CONCLUSION
We have derived the post-Newtonian limit and PPN parameters for a general class of scalar-torsion theories of
gravity with a massless scalar field. We represented the free function as a Taylor series around the cosmological value
of the scalar field. We restrict the analysis to a massless scalar field in order to avoid Yukawa-type potentials. To
guarantee an asymptotically flat Minkowski background we had to set the zeroth order coefficient to zero. Solving
the field equations order by order, we derived the metric of a perfect fluid up to the first post-Newtonian order
and determined the PPN parameters. All parameters other than the usual Eddington-Robertson-Schiff parameters
γ and β are equal to zero. Therefore this class of theory predicts neither preferred frame or location effects nor the
Nordvedt effect. Furthermore the total energy-momentum is globally conserved. These classes of theories are called
fully-conservative. We also pointed out, that theories without derivative coupling (e.g. lY = 0) are indistinguishable
from general relativity. As examples we calculated the parameters γ and β for the scalar-torsion analogue of scalar-
curvature gravity and a scalar-torsion theory without derivative coupling in section VI.
This work could be extended by the calculation of the parameters γ and β for theories with a massive scalar
field, along the lines of previous works on a more specific class of scalar-torsion theories [38] or scalar-curvature
theories [42–44]. The parameters and the gravitational constant will then depend on the spatial coordinates [27].
One may also consider scalar-torsion theories with more general couplings between the scalar field and the teleparallel
geometry, such as the recently proposed teleparallel extension to Horndeski gravity [45] or theories obtained from
disformal transformations [46], thus extending previous results on the curvature formulation of Horndeski gravity [47].
Furthermore it is interesting to analyze theories coupled to more than one massive or massless scalar field. For example
the multiscalar extension of the previously analyzed theory [21], following a similar treatment as in multiscalar-
curvature theory [48]. In a similar fashion, also theories featuring nonmetricity instead of torsion coupled to scalar
fields [49, 50] may be considered.
Another interesting possibility is the calculation of the second or even higher post-Newtonian order for this general
class of theories. This could lead to a study of the emitted gravitational waves of compact objects, especially inspi-
ralling compact binaries [51]. In particular it may be the case that theories satisfying lY = 0 are distinguishable from
general relativity in a higher post-Newtonian order.
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